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Abstract

Subspace segmentation or clustering remains a challenge of interest in computer vision

when handling complex noise existing in high-dimensional data. Most of the current s-

parse representation or minimum-rank based techniques are constructed on `1-norm or

`2-norm losses, which is sensitive to outliers. Finite mixture model, as a class of pow-

erful and flexible tools for modeling complex noise, becomes a must. Among all the

choices, exponential family mixture is extremely useful in practice due to its universal

approximation ability for any continuous distribution and hence covers a broader scope

of characteristics of noise distribution. Equipped with such a modeling idea, this pa-

per focuses on the complex noise contaminated subspace clustering problem by using

finite mixture of exponential power (MoEP) distributions. We then harness a penal-

ized likelihood function to perform automatic model selection and hence avoid over-

fitting. Moreover, we introduce a novel prior on the singular values of representation

matrix, which leads to a novel penalty in our nonconvex and nonsmooth optimization.

The parameters of the MoEP model can be estimated with a Maximum A Posteriori

(MAP) method. Meanwhile, the subspace is computed with joint weighted `p-norm

and Schatten-q quasi-norm minimization. Both theoretical and experimental results

show the effectiveness of our method.
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1. Introduction

In many problems across computer vision and pattern recognition, a crucial step

called subspace clustering is to find a mixture model where each component is a low-

er dimensional subspace from their corrupted observations. Such a procedure makes

perfect sense owing to twofold underlying tenets. First, the curses and blessings of5

dimensionality. One inherent nature of vision problems reveals that the observed data

is often of high-dimension, but it usually contains low-dimensional structure which en-

ables intelligent modeling and processing. For instance, benefitting from the exciting

success of Compressive Sensing (CS) (Candès and Wakin, 2008) and the optimization

theory that involve minimizing the rank of a matrix over a convex set (Fazel, 2002),10

the sparse and low-rank structures have attracted broad research interests from the ma-

chine learning communities; Second, linear subspace perhaps heads the popularity list

of such structures by vision scientists, due to its generality, efficiency and effectiveness.

A large pool of existing subspace clustering approaches rely on specific norms on

representation matrix and noise matrix to encourage the between-cluster sparsity and15

grouping effect of the representation matrix. In practice, however, if we simply require

the representation matrix to be sparse or block diagonal without deeply analyzing the

noise, the subspaces may not be accurately recovered. The existing clustering models

generally adopt a simple norm to describe noise, which is equivalent to assuming that

the data are corrupted by specific types of noise. However, real data is often corrupted20

by an unknown noise distribution, which is unlikely to be purely homogeneous. So it is

inappropriate to simply use a certain norm to model noise. Therefore, a powerful and

flexible tool for modeling complex data is indispensable.

Mixture models have been around for over many years, as an intuitively simple and

practical tool for enriching the collection of probability distributions available for mod-25
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elling data. A finite mixture model is a convex combination of two or more probability

density functions. By combining the properties of the individual probability density

functions, mixture models are capable of approximating any arbitrary distribution. Pi-

oneering work Li et al. (2015), named as MoG Regression, leverages the Mixture of

Gaussian (MoG) to model the noise data existing in subspace clustering. At its core is30

the assumption that each column of the noise matrix obeys a complicated multivariate

MoG, which is expected to enforce the robustness in subspace clustering. However,

this method still has clear limitation on finely adapting real data noises (Theoretically,

e.g. impulse or leptokurtic noise only can be approximated by MoG under limiting

cases). While MoG remains popular for model-based clustering, it is susceptible to35

performing poorly in the presence of complicated outliers. As a result, more robust

mixtures of distributions are becoming increasingly crucial.

To move beyond such limitations as MoG for complex noise modelling, it is s-

traightforward to consider the finite mixture of exponential power (MoEP) model (Cao

et al., 2015), which is a generalization of MoG. However, the techniques established40

in (Cao et al., 2015) are specific to low-rank matrix factorization (LRMF) but not ap-

plicable to subspace clustering. The principle reason is that the method in (Cao et al.,

2015) essentially needs to know the rank of the underlying subspace, which is often

unknown in the context of subspace clustering. As a consequence, we establish a low-

rank component prior by extending the matrix variate elliptically contoured distribution45

defined by (Chen et al., 2015) and combine the prior with MoEP, resulting in a novel

subspace clustering method that is robust against complex noise. The number of expo-

nential power components can be automatically selected by modified Bayesian infor-

mation criterion (BIC) and hence avoiding over-fitting. By performing MAP inference

on the representation matrix, we obtain a new and reasonable joint/mix `p-norm and50

Schatten-q (0 < q ≤ 1) quasi-norm objective function. When q → 0, our objective

is more robust and effective than the standard subspace clustering methods, which is

a special case of our objective when q = 1. Meanwhile, the weighted `p-norm error

function for prediction errors on the observed entries makes our method robust to d-
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Figure 1: Given an input face image (left), four methods for sparse and low-rank image
reconstruction are demonstrated (right). (a): Reconstructed image by SSC and error
histogram computed with `2 loss; (b): LRR with `21 loss; (c): Reconstructed image
by MoG Regression (Li et al., 2015), error image and its histogram with `2 loss; (d):
Reconstructed image, rank of representation matrix, error image and its histogram with
superposition of heterogenous (Laplacian and Gaussian) distributions, obtained by our
method.

ifferent types noise, thus improves the robustness of subspace clustering method. In55

summary, the contributions of this paper mainly include:

• To further improve the robustness to outliers in existing approaches like LRR,

we, to the best of our knowledge, first resort to powerful and intrinsically flexible

MoEP mixture model (Cao et al., 2015) to deal with complex noise in multiple

subspace clustering problem. The generic and flexible nature of MoEP makes60
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our methodology more attractive than the ideas (e.g., Li et al. (2015)) based on

the MoG noise modelling strategy.

• To actualize the idea of subspace clustering with complex noise, we establish

a low-rank component prior and combine it with MoEP, resulting in a novel

model (7). We also devise a practical algorithm termed MoEP-RSS (RSS stands65

for robust subspace segmentation) to infer the parameters of MoEP as well as the

final clustering results.

2. Related work and Preliminaries

2.1. Notations

In this paper, matrices are represented with capital symbols. In particular, I is used70

to denote the identity matrix, and the entries of matrices are denoted by subscripts.

For instance, A is a matrix, Aij is its (i, j)-th entry, Ai,: denotes the i-th row of A as

a row vector and A:,i denotes the i-th column of A as a column vector. For ease of

presentation, the horizontal (respectively, vertical) concatenation of a collection of ma-

trices along row (respectively, column) is denoted by [A1, A2, . . . , Ak] (respectively,75

[A1;A2; . . . ;Ak]). We use the lowercase letter in boldface to denote a vector, e.g., a

denotes a vector. In particular, 1 denotes the all one vector. Any non-bold lowercase

letter denotes scalar and ai is the i-th entry of vector a. We denote diag(A) as a vec-

tor with its i-th entry being the i-th diagonal element of A, and Diag(a) as a diagonal

matrix with its i-th entry on the diagonal being ai. Any vector a with no more than s80

nonzeros is called an s-sparse vector, and any matrix A of rank not greater than r is

called an r-rank matrix. The trace of a square matrix A is denoted as Tr(A). The inner

product between two matrices is 〈A,B〉 = Tr(ATB), where AT is the transpose of

matrix A. Other notation is given as it appears.

Some norms will be used, including `0-norm `0(a) = #{(i) : ai 6= 0}, `1-norm

`1(a) =
∑
i |ai|, Frobenius norm (or `2-norm of a vector) ‖A‖F =

√∑
i,j a

2
ij (‖ · ‖2
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for vector), `21-norm ‖A‖2,1 =
∑
i ‖A:,i‖2, and spectral norm ‖A‖2 (largest sin-

gular value). The `p-norm (0 < p < ∞) of a vector a ∈ Rn×1 is defined as

‖a‖p = (
∑n
i |ai|p)

1
p . Thus the p-norm of a vector a ∈ Rn×1 to the power p is

‖a‖pp =
∑n
i |ai|p. The matrix `∞ norm is defined as ‖A‖∞ = maxi,j |Aij |. The

extended Schatten p-norm (0 < p <∞) of a matrix A ∈ Rm×n is defined as

‖A‖Sp
,

min{m,n}∑
i=1

σpi (A)

1/p

, (1)

where σi denotes the i-th singular value of A. Thus the Schatten p-norm of a matrix A

to the power p is

‖A‖pSp
,

min{m,n}∑
i=1

σpi (A). (2)

When p = 1, the Schatten-1 norm is the well-known nuclear norm, ‖A‖∗. If we define85

00 = 0, then when p = 0, Eqn. (2) is the rank of A. In addition, as the non-convex

surrogate for the rank function, the Schatten-p quasi-norm with 0 < p < 1 is a better

approximation than the nuclear norm (Zhang et al., 2013) (analogous to the superiority

of the `p quasi-norm to the `1 norm (Daubechies et al., 2010)).

2.2. Related Work90

Subspace clustering has drawn enormous attentions and a large body of algorithms

have been designed in the literature during the past several years. In summary, accord-

ing to their strategies of representing the subspaces, existing works can roughly fall

within four mainstream categories: algebraic-geometric approaches such as general-

ized PCA (GPCA) (Vidal et al., 2005), iterative methods (Zhang et al., 2009), statistical95

methods such as mixtures of probabilistic PCA (Tipping et al., 1999) and graph-based

spectral clustering methods (Elhamifar and Vidal, 2009; Chen et al., 2018; Li et al.,

2018; Liu et al., 2010; Vidal and Favaro, 2014; Brbić and Kopriva, 2018; Wen et al.,

2018). For an overview and comparison of the most famous methods, a comprehensive

tutorial (Vidal, 2011) is available.100
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Most recently, motivated by the advances in Sparse Representation and matrix rank

minimization theory (Fazel, 2002), the representative in subspace clustering are spec-

tral clustering-based methods. These methods pose the clustering problem as one of

finding a sparse or low-rank minimizer with respect to the whole sample collection.

The key step of these spectral clustering methods is to construct an affinity matrix by

utilizing the global or the local information of samples. Generally, the main step of

spectral-based method is to learn a representation matrix Z by solving the following

common problem:

min
Z,E
J (Z) = L(E) + λR(Z)

s.t. E = X −XZ
(3)

where X = [x1, x2, . . . , xn] ∈ Rd×n is a given data matrix consisting of n samples

in Rd. R(Z) denotes a prior structured regularization on representation matrix Z and

λ > 0 is a hyperparameter governing the tradeoff between the loss and penalty of

representation matrix. E ∈ Rd×n denotes the residual and L(E) denotes the model

of E, which can be with different forms depending on the characteristic of data. The105

choice of the model is important for the task of subspace segmentation, which is the

main focus of this work.

Another major difference among the existing work lies in the choice of R(Z).

Sparse Subspace Clustering (SSC) (Elhamifar and Vidal, 2009) expresses each sample

as a linear combination of all other samples in the collection, where the combination110

coefficients are required to be sparse. So SSC solve problem (3) with L(E) = ‖X −

XZ‖2F andR(Z) = ‖Z‖1.

For Low-Rank Representation (LRR) (Liu et al., 2010, 2013), R(Z) = ‖Z‖∗ and

L(E) = ‖X −XZ‖2,1. LRR enforces the constructed affinity matrix to be low-rank,

as an alternative way, which is sensible as it implies some sort of collaboration between115

the different data points. This prior endows LRR with strong robustness to corruptions

in the samples.
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For Least Squares Regression (LSR) (Lu et al., 2012), L(E) = ‖X −XZ‖2F and

R(Z) = ‖Z‖2F . LSR has a closed form solution which makes it efficient and the

grouping effect makes it effective for subspace clustering.120

For CASS (Lu et al., 2013),L(E) = ‖X−XZ‖2F ,R(Z) =
∑n
i=1 ‖XDiag(Z:,i)‖∗,

where ‖XDiag(Z:,i)‖∗ is the newly established Trace Lasso regularizer for the i-th

sample, i.e. the i-th column of representation matrix Z. At its core is the key observa-

tion that both sparsity and the grouping effect are important for subspace segmentation.

Thus, CASS can be regarded as a method which adaptively interpolates SSC and LSR.125

It is worthy to mention that the noise modelling strategy can be easily extended

to the (semi-)supervised situations. The complex noise modelling can improve the ro-

bustness to outliers in existing (semi-)supervised approaches (Peng et al., 2016). These

algorithms usually perform subspace learning first to achieve a similarity graph. It

is obvious that we can merge our model into the (semi-)supervised algorithms which130

require a similarity graph matrix. And our model can endow these (semi-)supervised

algorithms a more robust similarity graph matrix than the original Gaussian noise meth-

ods.

2.3. Preliminaries

To improve the robustness to outliers in given data, a straightforward idea is to use135

MoEP distribution (i.e. a mixture distribution of a series of sub- and super-Gaussians)

to model the noise term since MoEP is a generalization of the universal approximator

MoG.

MoEP for Noise Modeling: Following Cao et al. (2015), each element of residual

E is assumed to follow a MoEP distribution:

Eij ∼MoEP (Eij | µ, η, π) =

K∑
k=1

πkfpk(Eij | µk, ηk),

where πk is the mixing proportion with πk ≥ 0 and
∑K
k=1 πk = 1, K is the number of

the mixture components and fpk(Eij ; 0, ηk) denotes the k-th exponential power (EP)
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distribution with parameter ηk and pk(pk > 0). Let p = [p1, p2, . . . , pK ], in which

each pk can be variously specified. The density function of the EP distribution (p > 0)

with zero mean is

fp(e; 0, η) =
pη

1
p

2Γ( 1
p )

exp{−η|e|p},

where η is the precision parameter, p is the shape parameter and Γ(·) is the gamma

function. By setting η = 1/(pσp), fp(e; 0, η) = EPp(e; 0, pσp).140

Automatic mixture component number selection: Following Huang et al. (2013),

an automatic and effective method for selecting mixture component number K can be

obtained by attaching a penalizing term to the mixture proportion π as follows:

ln p(E;ϕ) = ln p(E)− P(π;ϕ),

where ln p(E) is the log-likelihood function of residual E and

P(π;ϕ) = nϕ

K∑
k=1

Dk ln
ε+ πk
ε

(4)

with n being the number of columns of the data matrix, namely the number of the data,

ε = o(n−
1
2 log−1n) being a very small positive number, ϕ being a tuning parameter

(ϕ > 0), and Dk being the number of free parameters, such as πk and ηk, for the k-th

component.

3. Subspace clustering by MoEP-RSS145

3.1. Model

Noise Modelling Strategy for Subspace Clustering: Denote Θ = {π,η} with

π = [π1, π2, · · · , πK ] and η = [η1, η2, · · · , ηK ]. Equipped with such a noise mod-

elling idea as MoEP combined with a penalizing term (4), the log-likelihood ofX given
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Z in the context of subspace clustering can thus be written as

ln p(X | Z,Θ, ϕ) = ln p(X −XZ; Θ)− P(π;ϕ), (5)

where

ln p(X −XZ; Θ) =
∑
i,j

ln

K∑
k=1

πkfpk(Xij −Xi,:Z:,j ; 0, ηk).

Low-rank Component Modeling : The low-rank structure of a matrix is the s-

parsity defined on its singular values. Similar to `0-minimization, the rank function is

usually relaxed by the convex `2 and `1 norm (nuclear norm) of singular values. From

the viewpoint of maximum likelihood estimation, the above two norms are based on

the hypothesis that the singular values of representation matrix Z are i.i.d. with Gaus-

sian and Laplace distribution, respectively. Chen et al. (2015) models matrix nuclear

norm as matrix variate elliptically contoured distribution which is a class of probability

distribution allowing heavy tails and dependence between elements. Motivated by this

idea, in this paper, we extend the form of the matrix variate elliptically contoured dis-

tribution defined by Chen et al. (2015) and introduce it as a prior of the representation

matrix Z. The PDF of this distribution takes a form as

p(Z) ∝ exp
(
−λ Tr

(
(ZTZ)q/2

))
,

where Tr(·) denotes the trace function of a matrix and q > 0 is a real scalar. By writing

Z = UΣV T in its standard singular value decomposition (SVD), we can further extend

Tr
((
ZTZ

)q/2)
= Tr

((
ΣTΣ

)q/2)
=

n∑
i=1

(
σi(Z)

)q
,

where σi (i = 1, 2, . . . , n) is the singular values of Z. Thus, we eventually have the

prior of Z as:

p(Z) ∝ exp

(
−λ

n∑
i=1

(
σi(Z)

)q)
. (6)
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With the above preparations, we are now ready to make the MAP estimation under

the penalized likelihood (5) and prior (6) of representation matrix Z. Given the poste-

rior, our aim is to maximize the log-posterior function w.r.t. the MoEP parameters Θ

and the subspace clustering parameter Z. We thus have

Z∗,Θ∗ = arg max
Θ,Z

ln p(X | Z,Θ, ϕ) + ln p(Z). (7)

3.2. EM algorithm

The EM (Dempster et al., 1977) algorithm can be used to estimate the parameters

(Θ, Z) that maximize the posterior probability of our model. We will iterate between

calculating responsibilities of all exponential components (E-step) and maximize the

parameters η,π and Z of the model (M-step).

E-step: Assume a indicator variable φij as latent parameters in our model, with φijk ∈

{0, 1} and
∑K
k=1 φijk = 1. φijk = 1 implies that the noise Eij is drawn from the k-th

EP distribution. By denoting Φ = (φij)
m×n and assuming that Θt = {πt,ηt} is the

estimate at the t-th iteration, the posterior responsibility of mixture k(= 1, 2, . . . ,K)

for generating the noise of Xij is then calculated by Dempster et al. (1977):

E(φijk) = γt+1
ijk =

πtkfpk(Xij −Xi,:Z
t
:,j ; η

t
k)∑K

l=1 π
t
lfpl(Xij −Xi,:Zt:,j ; η

t
l )
. (8)

The M-step maximizes the upper bound, the so-called Q function, given by the E-step

w.r.t. (Θ, Z) parameters.

Q(Θ,Θt) = EΦ

[
ln p(X,Z; Θ) | Θt

]
= EΦ

[
ln p(X; Θ|Z,Θt, ϕ)

]
+ E

[
ln p(Z)

]
=
∑
i,j

K∑
k=1

γt+1
ijk

[
ln fpk(Xij −Xi,:Z

t
:,j ; ηk) + lnπk

]
− λ

n∑
i=1

(
σi(Z)

)q
− nϕ

K∑
k=1

Dk ln
ε+ πk
ε

.

1) Estimation of Noise Component: An easy way to solve this maximization problem
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is to alternatively update the MoEP parameters Θ and the representation matrices Z:

Update Θ = {π,η}: Closed-form updates for the MoEP parameters (for k = 1, 2, . . . ,K)

are:

πt+1
k = max

{
0,

1

1− 2Kϕ

[∑
i,j γ

t+1
ijk

nd
− ϕDk

]}

ηt+1
k =

Nk

pk
∑
i,j γ

t+1
ijk |Xij −Xi,:Zt:,j |pk

.

(9)

2) Estimation of Low-rank Component: The parameters involved in the low-rank

component is Z. By the fact that
∑n
i=1

(
σi(Z)

)q
= ‖Z‖qSq

, the components of Q

function related to Z can then be re-written as follows:

∑
i,j

K∑
k=1

γt+1
ijk

[
ln fpk(Xij −Xi,:Z

t
:,j ; ηk)

]
− λ‖Z‖qSq

=−
K∑
k=1


∑

i,j

ηt+1
k γt+1

ijk

 1
pk
∑

i,j

|Xij −Xi,:Z
t
:,j |pk

 1
pk


pk

− λ‖Z‖qSq
+ const

=−
K∑
k=1

‖W(k) ◦ (X −XZ)‖pkpk − λ‖Z‖
q
Sq

+ const,

where the last equality is derived by the definition of `p-norm and the element of

W(k) ∈ Rd×n(k = 1, . . . ,K) is w(k)ij =
(
ηt+1
k γt+1

ijk

) 1
pk . The operator ◦ denotes

the Hadamard product (the component-wise multiplication). To obtain an estimation

for representation matrix Z, it is natural to maximize the last equality, which is equiv-

alent to solve

min
Z

K∑
k=1

‖W(k) ◦ (X −XZ)‖pkpk + λ‖Z‖qSq
. (10)

This is our main optimization objective, which minimizes the joint weighted `p-

norm and Schatten q-norm. When q, pk → 0, our new objective not only better approx-

imates the rank minimization problem but also enhances the robustness to outliers.150
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The detailed and complete elucidation of the optimization algorithms for the objec-

tive (10) can be found in the section Appendix A.

4. Experiments

4.1. Experimental Settings

Data: To show the advantages of the proposed method, we experiment with both155

synthetic and real data. The realistic datasets cover two computer vision tasks: 1) face

clustering on AR (Martinez, 1998), ORL (Samaria and Harter, 1994) and Extended

Yale Database B (EYaleB) (Wright et al., 2009); 2) motion segmentation on Hopkins

155 (Tron and Vidal, 2007).

Baselines: In this section, we evaluate our proposed method on both synthetic and160

real datasets. We compare our method with several state-of-the-art algorithms such

as classical subspace clustering method SSC-OMP and LRR, LSR, CASS and MoG

Regression. For all the compared methods, we use the code released by their authors.

We tune the parameters for them and use the ones which achieve the best results in

most cases for each real dataset. For synthetic data, we choose the parameters that165

can recover the true rank of data matrix. After getting the representation matrix Z∗,

we then apply the normalized spectral clustering in (Shi et al., 2000) to the affinity

|Z∗|+ |Z∗|T for all these methods.

Evaluation metrics: Three metrics are used to evaluate the performance of sub-

space clustering methods.

– Clustering accuracy (CA): this is the percentage of correctly labeled data points. It is

computed by matching the estimated and true labels as

a = max
π

1

n

∑
ij

Qestπ(i)j Q
true
ij ,

where π is a permutation of the n groups,Qest andQtrue are the estimated and ground-

truth labeling of data respectively, with their ij-th entry being equal to one if point j

13



Table 1: Performance Evaluation on Synthetic Data. The Best Results In Terms of
Each Criterion Are Highlighted In Bold

Ours LRR CASS LSR MoGreg SSC
q = 1. q = .5

Mixture Noise 1
RE 0.066 0.051 0.073 0.076 0.074 0.110 0.070
CA 0.99 1.00 0.97 0.98 0.96 0.99 0.96
T 15.7 14.4 0.4 16.3 0.2 25.2 2.7

Mixture Noise 2
RE 0.151 0.124 0.533 0.520 0.424 0.464 0.613
CA 0.94 0.96 0.92 0.93 0.89 0.94 0.89
T 16.9 15.2 0.2 15.2 0.2 20.8 3.4

Mixture Noise 3
RE 0.304 0.262 0.612 0.523 0.606 0.680 0.537
CA 0.91 0.94 0.42 0.44 0.37 0.34 0.45
T 10.2 14.3 0.1 9.2 0.3 7.8 1.4

Exponential Power Noise
RE 0.031 0.029 0.028 0.051 0.040 0.049 0.044
CA 1.00 1.00 0.98 0.97 0.96 0.97 0.99
T 17.1 16.4 0.3 15.4 0.1 21.1 0.8

Gaussian Noise
RE 0.022 0.014 0.021 0.023 0.016 0.024 0.017
CA 0.99 1.00 1.00 0.99 0.99 1.00 0.98
T 10.3 9.7 0.0 8.9 0.0 9.9 0.2

Laplace Noise
RE 0.058 0.055 0.062 0.052 0.061 0.080 0.053
CA 0.99 0.98 0.97 0.96 0.98 0.99 0.96
T 6.6 10.2 0.0 9.4 0.0 7.1 0.3

belongs to cluster i and zero otherwise.

– Reconstruction error (RE): this metric is only for synthetic data. In synthetic ex-

periments, we have clean data points from a union of generated subspace Xtrue =

[x1, x2, · · · , xn] and column-wise sparse noise matrix E. We set X = Xtrue + E and

represent the output representation matrix as Z. The reconstruction error is computed

as

RE =
‖Xtrue −XZ‖F
‖Xtrue‖F

.

– Running time (T): the time (in seconds) each method consumes for every clustering

task using Matlab.170

The reported numbers in all the experiments of this section are averages over 20

trials. All experiments are carried out on a PC with an Intel i7 CPU at 3.40GH and
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Table 2: The parameter selection for MoEP-RSS and comparison between MoEP and
MoG on the mean and standard deviation of the parameter obtained.

Noise GT Param. MoEP MoG

Gaussian
p = 2.0 Select p = 2.0, ϕ = 1e− 4 p = 2.0
η = 312.5 Mean ηm = 493.5 ηm = 479

STD ηs = 15.6 ηs = 26.2

EP
p = 0.5 Select p = 0.5, ϕ = 1e− 4 p = 2.0
η = 20 Mean ηm = 26.9 ηm = 33

STD ηs = 6.4 ηs = 17.8

Laplace
p = 1.0 Select p = 1.0, ϕ = 1e− 4 p = 2.0
η = 50 Mean ηm = 51.9 ηm = 77

STD ηs = 7.2 ηs = 6.6

Mixture 1
p = [0.5, 1.0] Select p = [0.5, 1.0], ϕ = 1e− 5 p = [2.0, 2.0]
η = [14.2, 100] Mean ηm = [19.2, 65.5] ηm = [95, 116],

STD ηs = [2.3, 9.7] ηs = [13.0, 21.3]

Mixture 2
p = [0.2, 0.5, 1.0] Select p = [0.2, 1.0], ϕ = 1e− 5 p = [2.0, 2.0, 2.0]
η = [10, 20, 100] Mean ηm = [7.8, 60.4] ηm = [65, 122, 115],

STD ηs = [1.7, 6.1] ηs = [9.3, 14.3, 15.6]

16GB memory, running Windows 10 and Matlab version R2016a. We will release the

codes of our method and used datasets 1.

4.2. Synthetic Experiment175

We generate k = 6 independent subspaces {Si}ki=1 whose bases {Ui}ki=1 are com-

puted by Ui+1 = TUi, 1 ≤ i ≤ k, where T is a random rotation matrix and U1 ∈ Rd×r

is a column-wise orthogonal matrix. Each subspace has a rank of r = 10 and the

data dimension is d = 100. We set the input data matrix X = [X1, X2, · · · , Xk].

Each Xi contains ni = 50 data vectors and Xi = UiQi, 1 ≤ i ≤ k, with Qi be-180

ing an r × ni i.i.d N (0, 1) matrix. Then, we randomly add different types of noise

in the entries as follows: (1) Gaussian noise: N (0, 0.05). (2) Exponential power

noise: EP0.01(0, 0.5pp), p = 0.01. (3) Laplace noise: L(0, 0.01). (4) Mixture noise

1: 40% of the entries are corrupted with EP (0, 0.02pp), p = 0.5, 60% are contam-

inated with L(0, 0.02). (5) Mixture noise 2: 20% of the entries are corrupted with185

1The code for MoEP-RSS and the used datasets will be released here:
https://github.com/XingyuXie/MoEP-RSS
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Figure 2: Visual comparison of the ground truth (denote by True) noise probability
density functions and those estimated (denote by Est) by our method in the synthetic
experiments. The embedded sub-figures depict the zoom-in of the indicated portions.

EP (0, 0.01pp), p = 0.5, 20% are contaminated with Laplace noise L(0, 0.01) and

30% are corrupted with EP (0, 0.02pp), p = 0.2. (6) Mixture noise 3 (sparse Laplace

mixture noise): 10% of the entries are corrupted with Laplace noise L(0, 0.075), 20%

are contaminated with Laplace noise L(0, 0.1), 15% are contaminated with Laplace

noise L(0, 0.125). Note that two parameters Kinit and ϕ need suitable initializations.190

From the extensive off-line experiments, we indeed find that the Kinit should not be set

too large (usually 4 - 8) and ϕ is uniformly selected from [0, 0.5]. All the parameters

for these algorithms are chosen when they recover the true rank (60) of the data X .

The experiment is to test the sensitiveness of the competed methods to different noise

of the data.195

Subspace Segmentation: Table 1 shows the detailed results, including segmentation

accuracy, reconstruction error (RE) and computing time. From the table, our method

get a competing result with LSR in the Gaussian noise case. That is because when all

the pk are selected as pk = 2, our model degenerates to the penalized MoG and hence is

equivalent to a weighted `2-norm on the prediction error function, thus the two methods200

have a competing result on the Gaussian noise case. In Laplace noise and Exponential
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Power cases, MoEP-RSS evidently outperforms other competing methods. This is

because MoEP has strong capability of better approximating impulse or leptokurtic

noise. Moreover, when the noise gets more complex, MoEP-RSS achieves the best

performance, which is primarily attributed to its high flexibility to model unknown205

complex noise. For example, a clear performance margin is shown upon the Laplace

mixture noise 3, a heavy-tailed distribution, entailing the potential of our framework.

Considering the noise robustness and accuracy, our method is a better choice for the

small-sized or high-rank problems comparing with the other algorithms.

– Automatic Model Seletion: The promising performance of MoEP-RSS method210

in these cases can be easily explained by Figure 2, which compares the ground truth

noise distributions and the estimated ones by our method. It can be easily observed

that the estimated noise distributions can match the true ones well. Thus our method

has good capability to fit the true noise distribution. We also report the final selections

of the mixture number Kselect and the corresponding parameter ϕselect for MoEP-RSS215

in Table 2 with the largest BIC following (Huang et al., 2013). To demonstrate the

merit of MoEP, we also compare the parameter mean and standard deviation with MoG

noise model. From Table 2, we can see that the MoEP noise modeling strategy is more

accurate than MoG.

– Choice of q: Because q in (10) is an important parameter of the proposed method,220

we investigate its impact on our model. Keeping the noise modeling fixed, we vary

the value of q in the range of 0.1, 0.2, ..., 1, and then perform subspace clustering as

described above. For each value of q, we repeat the experiment for 20 times and re-

port the average relative accuracy in Figure 3 (left), from which we can see that the

performance increases when the value of q decreases. This result clearly justifies the225

usefulness of the proposed method to introduce Schatten-q(< 1) quasi norm in the pro-

posed objective. Upon this preliminary result, unless otherwise specified, we will set

q = 0.5 in all subsequent experiments. We emphasize that our results do not counter

the intuition that a smaller q should recover more lower rank matrix. This is because a

smaller q makes the minimizing functional more nonconvex and thus more difficult to230
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Figure 3: Subspace clustering performance with different values of q (left) and recon-
struction error with different number of mixture components (right).

Table 3: The segmentation accuracies on the Extended Yale B database.

No. subjects 2 10 20 30 38
a%: average clustering accuracy
MoEP-RSS 99.70 95.55 86.49 84.73 83.32
LRR 99.40 95.62 86.32 83.88 82.20
SSC-OMP 99.18 86.09 81.55 78.27 77.59
SSC-BP 99.45 91.85 79.80 76.10 68.97
LSR 96.77 62.89 67.17 67.79 36.96
LRSC 94.32 66.98 66.34 67.49 66.78
CASS 99.16 85.99 81.59 79.22 78.94
MoGreg 98.77 94.62 82.33 81.54 80.22

solve. We found that if we decreased ε more slowly, the performance of Algorithm 2

with q = 0.1 could be further improved. However, the running time also became much

longer.

– NumberK of components: We also conduct experiment shown in Figure 3 (right)

to see how the number K of components of MoEP impacts the reconstruction error235

(RE) of the proposed model. As the number increases, the RE decreases at first and then

rebounds and fluctuates, reaching the minimum value when K in the range [4,8]. This

is because when the number of components is too small, MoEP may not characterize

the noise accurately. On the other hand, when K is too large the computation cost will

increase and the modelling capacity will be suppressed. In either case the distribution240

of noise is not modeled well.
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Table 4: Average clustering accuracies of all methods on ORL and AR datasets. The
best result are in bold.

Dataset MoEP-RSS SSC-BP SSC-OMP LRR LSR CASS MoGreg
AR 89.65 77.02 76.75 78.44 64.31 79.28 86.97

ORL 68.4 67.0 66.4 66.2 65.9 67.3 67.9

(a)Ours (b)MoGR (c)CASS (d)SSC (e)LRR

Figure 4: The affinity matrices of first 10 objects obtained by different methods on the
AR database.

4.3. Face Clustering

Our experiments are performed on three face datasets: Extended Yale Database B,

ORL and AR. Descriptions of these data sets are given as follows.

The Extended Yale Database B face dataset (Wright et al., 2009) consists of 2,414245

frontal face images of 38 subjects, where there are 64 faces for each subject, acquired

under various lighting, poses, and illumination conditions. To reduce the computational

cost and the memory requirements, in this experiment, the images are resized into

48× 42.

ORL (Samaria and Harter, 1994) contains 40 distinct subjects with 10 different250

images of each. For some of the subjects, the images were taken at different times,

varying the lighting, facial expressions (open/closed eyes, smiling/not smiling) and fa-

cial details (glasses/no glasses). All the images were taken against a dark homogeneous

background with the subjects in an upright, frontal position. Each image is resized to

32 × 32 and vectorized as a vector of length 1024. Each data point is normalized to255

have a unit length. So we have the data matrix of size 1024 × 400. The number of

clusters for this problem is 40. The images were taken with a tolerance for some tilting

and rotation of the face up to 20 degrees.
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Figure 5: Comparison of (a) clustering accuracy and (b) running time of MoG Re-
gression, CASS and LRR for solving face clustering problem on the AR and ORL
databases.

The AR database (Martinez, 1998) consists of over 4,000 facial images from 126

subjects. For each subject, 26 facial images are taken in two separate sessions. These260

images suffer different facial variations, including various facial expressions (neutral,

smile, anger, and scream), illumination variations (left light on, right light on, and all

side lights on), and occlusion by sunglasses or scarf. We select a subset of the data set

consisting of first 10 male subjects and 10 female subjects. The grayscale images are

resized to a resolution of 32× 32 pixels.265

=

Input

Reconstructed

+

MoEP

2 components

Noise

MoG

3 components

+

Figure 6: Same contaminated face incurred
by occlusion (left) is reconstructed (middle) by
MoEP (top right) with less number of compo-
nents than MoG (bottom right).

Table 3 shows the detailed

results of the average segmen-

tation accuracies for a differen-

t number of clusters. For each

number of clusters shown (excep-270

t 38), we just ran the algorithm-

s on 20 trials for 20 differen-

t random combinations from the

38 clusters where Kinit is set to

4, the corresponding pk are set to275

[0.5, 1.0, 1.5, 2.0] and ϕ is chosen
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from {0.0001, 0.001, 0.01, 0.1}. All the methods share the same combinations. MoEP-

RSS has comparable clustering accuracy on Extended Yale Database B. As shown in

Table 4, our method outperforms the others on AR and ORL databases. This is because

our method has a strong grouping effect on these challenging databases, which can be280

seen in Figure 4. Figure 5 shows the time cost of our method on AR and ORL datasets.

We also conduct experiment to see the model selection abilities in MoEP versus MoG

for recovering the same contaminated face. Figure 6 shows MoEP has better modelling

capability with the help of less number of EP components.

4.4. Motion Segmentation285
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Figure 7: The average segmentation accura-
cies (%) with pixel corruption on the Hopkin
155 database.

Hopkins 155 (Tron and Vidal,

2007) motion database provides an ex-

tensive benchmark for testing various

subspace segmentation algorithms. It

consists of 156 video sequences of t-290

wo or three motions (a motion cor-

responding to a subspace) along with

the features extracted and tracked in

all the frames. Each sequence is a

sole segmentation task and so there295

are 156 subspace segmentation tasks

totally. We first use PCA to project the data onto a 8-dimensional subspace. Then SSC,

LRR, CASS, MoG Regression and LSR are employed for comparison. The parameter

is manually tuned for each method and we report the best result. For our model, Kinit

is set to 4, the corresponding p = [p1, p2, p3, p4] are set to [0.5, 1.0, 1.5, 1.8] and ϕ is300

selected from {0.0001, 0.001, 0.01, 0.1}. Table 5 shows the segmentation accuracies of

each method. From Figure 7 we can see that the proposed approach performs much bet-

ter when video sequences are randomly corrupted at a level from 10% to 70%, showing

better adaptability and greater robustness in noise handling. When the percentage of
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Table 5: The segmentation accuracies of each method on the Hopkins 155 Database

No. motions Ours SSC LRR LSR CASS MoGreg
a%: average segmentation accuracy
2 motion 97.2 98.4 96.5 94.9 95.6 98.7
3 motion 96.4 95.6 95.8 90.6 91.6 95.1

corrupted pixels is larger than 70%, the discriminative information are badly damaged,305

thus weakening the performance of all methods.

5. Conclusion

In this work we presented a probabilistic treatment of low dimensional subspace

clustering, dubbed MoEP-RSS, which strives to combine the merits of MoEP distri-

bution for noise modelling and matrix variate elliptically contoured distribution for310

representation matrix by organically integrating them in a single principled probabilis-

tic framework such that optimization is an iterative fashion solution to maximum a

posteriori (MAP) inference. The inference process for representation matrix is a nov-

el mix/joint weighted `p-norm and Schatten-q quasi-norm minimization optimization

objective and an IRLS solution. Extensive experimental results on several commonly315

used datasets demonstrate that our method outperforms other state-of-the-art methods,

both in revealing the underlying subspace structure of high-dimensional data and more

importantly better approximating the complex noise distribution.

In the near future, it will be interesting to study the acceleration of our double-loop

learning process. It has been observed that variational Bayesian (VB) approximation320

inference framework has shown good performance leading to faster convergence and

thus allowing for scalable inference. Hence, the MoEP-RSS could be further improved

when a variational Bayesian variant is employed. Another possible work would be

the combination of the proposed method with some Inverse Problems such as image

deblurring, inpainting and super-resolution that serve as an ideal test bed for our mod-325

el’s applications. Finally, our formulation can potentially be extended for modeling

multiple nonlinear manifolds, by the use of kernel methods.
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Algorithm 1 Solving Problem (A.1) by ADM
Input: data matrix X , parameters λ > 0, q ∈ (0, 1] and k = 0.
Output: representation matrix Z
Initialize: Z0, J0, E0,Λ0

1,Λ
0
2, µ = 10−6, µmax = 106, ρ = 1.1 and ε = 10−8.

While not converged do
1: fix the others and update Jk+1 by solving the subproblem (A.3) by Algorithm 2.
2: fix the others and update Zk+1 by (A.2).
3: fix the others and update Ek+1 by solving the subproblem (A.4).
4: update the multipliers:

Λk+1
1 = Λk1 + µ(X −XZ − E),

Λk+1
2 = Λk2 + µ(X − J).

5: update the parameter µk+1 by: µk+1 = min(ρµk, µmax).
6: check the convergence conditions:

‖X −XZ − E‖∞ < ε; ‖Z − J‖∞ < ε.

end while.
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Appendix A. Optimization Algorithms

In this section we show how to solve (10). Solving the problem in Eqn. (10) is

challenge since both of the terms in Eqn. (10) are non-smooth and the Schatten q-

norm is somewhat intractable. We use the Augmented Lagrangian Method (Bertsekas,

1982) to solve this problem, and focus on the solutions to the related subproblems. We
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equivalently rewritten Problem (10) as:

min
Z,E,J

K∑
k=1

‖W(k) ◦ E‖pkpk + λ‖J‖qSq
s.t. E = X −XZ, Z = J. (A.1)

According to Augmented Lagrangian Method, we need to solve:

L(Z, J,E,Λ1,Λ2) , min
Z,E,J

K∑
k=1

‖W(k) ◦ E‖pkpk + λ‖J‖qSq
+ 〈Λ1, X −XZ − E〉

+ 〈Λ2, Z − J〉+
µ

2

(
‖X −XZ − E‖2F + ‖Z − J‖2F

)
The above problem is unconstrained. An accurate, joint minimization with respect

to Z, E and J is difficult and costly, we can use the Alternating Direction Method

(ADM) (Lin et al., 2010) to solve this problem. More specifically, we optimize the

problem with respect to one variable when fix the other two variables, which result

in the following three subproblem. When fix J , E, the problem is simplified to the

following problem:

Zk+1 = arg min
Z

µ

2

(
‖X −XZ − E‖2F + ‖Z − J‖2F

)
− 〈Λ1, XZ〉+ 〈Λ2, Z〉

the optimal solution to Zk+1 can be easily obtained by

Zk+1 = (I +XTX)−1
(
XT (X − E) + J + (XTΛ1 − Λ2)/µ

)
. (A.2)

When fix E, by setting Z = Zk+1 and update J by:

Jk+1 = arg min
J

λ

µ
‖J‖qSq

+
1

2
‖J − (Z +

Λ2

µ
)‖2F . (A.3)

When fix J , by setting Z = Zk+1 and update E by:

Ek+1 = arg min
E

K∑
k=1

‖W(k) ◦ E‖pkpk +
µ

2
‖E − S‖2F . (A.4)
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Algorithm 2 IRLS for step 1 of Algorithm 1
Input: data matrix J = {Jij} ∈ Rn×n, matrix A = Z + Λ2

µ .
Output: matrix J .
Choose appropriate parameters λ > 0, q ∈ (0, 1].
Initialize J (0) such that J (0) = A and ε = ε0 > 0.
For k = 0, 1, 2, . . .

Let W (k) =
(
(J (k))TJ (k) + ε2kI

)q/2−1
.

Solve the following system for J (k+1):
λqJ (k+1)W (k) = µ(A− J (k+1));
Update εk+1 by εk+1 = min{εk, α · σK+1(J (k+1))}, where α ∈ (0, 1) is a constant,
K is a overestimate rank parameter of matrix J .
End For.

where S = X −XZ + Λ1/µ.

The detailed algorithm to solve the problem in Eqn. (10) is described in Algorithm

1. The convergence property of the above ADM method with three or more blocks

has been well discussed in literatures (Liu et al., 2013; Zhang, 2010; Eckstein and340

Bertsekas, 1992) and fortunately there actually exist some guarantees for ensuring the

convergence of Algorithm 1 (Liu et al., 2013).

Subsequently, we derive the optimal solution to subproblems in Eqn. (A.3) and

(A.4), respectively, i.e. steps 1 and 3 of the Algorithm 1. Note that these two steps are

nonconvex and nonsmooth optimization problem when 0 < q, pk ≤ 1.

Update J for step 1 : By the fact that ‖J‖pSp
= Tr((JTJ)

p
2 ), a simple way is to

smooth the first term of (A.3) by introducing regularization terms:

Lq(J, ε) ,
λ

µ
Tr
(

(JTJ + ε2I)q/2
)

+
1

2
‖J − (Z +

Λ2

µ
)‖2F ,

where ε > 0 is a smoothing parameters. The first-order optimality condition of problem

(A.3) is ∇JLq(J, ε) = 0, i.e.,

λqJ(JTJ + ε2I)q/2−1 + µ

(
J − (Z +

Λ2

µ
)

)
= 0. (A.5)

By choosing appropriate parameters λ > 0, q ∈ (0, 1], the above nonlinear system

(A.5) can be solved by improved iterative reweighted least square (IRLS) (Lai et al.,
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2013) method. Specifically, we approximately solve a sequence of the nonlinear system

(A.5) corresponding to a sequence of ε′s and our algorithm is summarized in Algorithm

2. In Algorithm 2, σK+1(J (k+1)) is the (K + 1)-th largest singular value of J (k+1)

andW (k) is obtained by decomposing (J (k))TJ (k) = V (k)(Σ(k))2(V (k))T in the SVD

format and letting W (k) = V (k)
(
(Σ(k))2 + ε2kI

)q/2−1
(V (k))T . If εk+1 ≤ 10−6, we

return J (k+1) and terminate the algorithm. Otherwise, we stop the computation in a

reasonable time and return the last J (k+1).

Update E for step 3 : Note that the elements Eij in subproblem (A.4) can be decou-

pled. Thus, this problem can be solved by dividing into a sequence of n independent

optimization problems w.r.t. the column of E. Specifically, for each column of E, we

only need to solve the following problem:

min
Ej

K∑
k=1

‖W(k)j ◦ Ej‖pkpk +
µ

2
‖Ej − Sj‖2F , (A.6)

where Ej and Sj denote the j-th column of the E and S, respectively. By introducing

a smoothing parameter ε > 0, the problem (A.6) has the following smoothed objective

Lpk(Ej , ε) =

K∑
k=1

‖W(k)j ◦ Ej‖pkpk,ε +
µ

2
‖Ej − Sj‖2F ,

where

‖W(k)j ◦ Ej‖pkpk,ε =

m∑
i=1

W pk
(k)ij(E

2
ij + ε2)pk/2.

For any ε > 0, the minimization problem (A.6) must have a solution becauseLpk(Ej , ε)

is continuous with respect toEj . Thus it can achieve the minimum by taking first-order

derivation

K∑
k=1

W pk
(k)j ◦

[
pkEij

(ε2 + (Eij)2)1−pk/2

]
1≤i≤M

+ µ(Ej − Sj) = 0.

Due to the nonlinearity, there is no straightforward method to solve the above system

of equations unless for specific instances, such as pk = 1. Similar to the matrix case,

26



Algorithm 3 EM Algorithm for MoEP-RSS
Input: Data matrix X; The algorithm candidate parameters ϕ
Output: Parameter Θ∗, the number of selected component Kselect and posterior proba-
bility γ = {(γijk)m×n×Kselect}.
Initialize: Θt = {πt,ηt}, the number of initial mixture components Kinit, preset
candidates p = [p1, ..., pKinit ], tolerance ε and t = 0.
While not converged do
1: Update posterior responsibility γ(t) via Eqn. (8);
2: Update π(t) and η(t) via Eqn. (9) and remove the component with π(t)

k = 0;
4: Update Z(t) via maximizing (10) using Algorithm 1;
5: t = t + 1;
end while

starting with an initialization ofEj , we approximately solve the system with a sequence

of ε′s by IRLS method (Lai et al., 2013). Specifically, for t = 0, 1, 2, . . ., in each

iteration we solve the following linear system for Ej :

K∑
k=1

W pk
(k)j ◦

[
pkE

(t)
ij

(ε2t + (E
(t)
ij )2)1−pk/2

]
1≤i≤M

= µ(Sj − E(t)
j ).

If εt+1 ≤ 10−6, we choose E(t+1)
j to be an approximation of the sparse solution and

stop the iteration. Otherwise, we stop the computation within a reasonable time and

return the last E(t+1)
j .345

The proposed EM algorithm for PMoEP model, termed MoEP-RSS, can now be

summarized in Algorithm 3.

Appendix A.1. Grouping Effect

The grouping effect is an important criterion for measuring the validity of a clus-

tering method, which tends group highly correlated data together (Lu et al., 2012). We

state the grouping effect of MoEP-RSS as follows.

Theorem A.1 Given a sample point x ∈ RM , the normalized data matrix X and the

parameters (λ, pk, q > 0), let Xz− x = e, ẑ be the optimal solution to

min
z
−

M∑
m=1

ln

(
K∑
k=1

πkfpk(em; ηk)

)
+ λ‖z‖q2,
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which is equivalent to maximize the objective of (7), then there exists a constant a > 0

such that

|ẑi − ẑj | ≤
a

λq
‖xi − xj‖2.

Here we denote ẑi and ẑj as the i-th and j-th entries of vector ẑ, and xi and xj as the

i-th and j-th columns of X , respectively.350

The proof of Theorem A.1 is presented in Appendix B section. The grouping effect

of MoEP-RSS presented in the above theorem shows that the solution is correlation

dependent. If xi and xj are highly correlated, Theorem A.1 says that the difference

between the coefficient paths of xi and xj is almost 0. Thus xi and xj will be grouped

in the same cluster.355

Appendix A.2. Convergence Analysis

Since the sequence εk is nonincreasing and lower bounded by zero, it must con-

verge to some ε∗ ≥ 0. According to Lai et al. (2013) (Theorem 3.1), the sequence

{J (k)} yielded by step 1 of Algorithm 1 is bounded and hence {J (k)} has at least

one convergent subsequence. In addition, when ε∗ > 0, the limit of any convergent360

subsequence is a critical point satisfying the first-order optimality condition (A.5) with

ε = ε∗. Similar to the matrix case, the idea of the proof for convergence of Step 3 is

based on the following Theorem 2.2 in Lai et al. (2013):

Theorem 2.2 (Lai et al., 2013) Suppose that xo is an s-sparse vector satisfying

Axo = b. Assume that A satisfies the RIP of order 2s with δ2s < 1 and the smoothing365

parameter εk → ε∗ as k → ∞. Then the sequence {x(k)} generated with 0 < q ≤ 1

has at least one convergent subsequence.

Appendix A.3. Computational Complexity and Acceleration

For ease of analysis, we assume that the sizes ofX are d×n in the following. Up to

now, the major computation of Algorithm 1 is Step 1 to update J ∈ Rn×n using IRLS.370

It is easy to see the per-iteration complexity of IRLS for the smoothed Schatten q-norm

problem (Step 1) is O(rn2) required by SVD computation on the full matrix, where r
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is the rank of J . Another time-consuming step is the matrix multiplication in (JTJ)

which is O(n3) normally. Since we have the SVD form of J (e.g. J = UΣV T ) from

the solution of the nonlinear system, we can keep the SVD form of J in the algorithm375

and will reduce the O(n3) matrix multiplication to O(rn2) (e.g. V Σ2V T ) and make

the W (k) easier to compute. While considering the number of iterations needed to

converge, the complexity of step 1 in Algorithm 1 isO(nsrn
2) where ns is the number

of iterations. The iteration number ns depends on the choice of α: ns is smaller while

α is larger, and vice versa. Although larger α does produce higher efficiency, it has380

the risk of losing optimality to use large α. Step 3 has a O(nsd) for the IRLS step.

Unfortunately, we need to perform the update for each column of E iteratively. Hence,

the total computational complexity for step 3 is O(nsKnd).

Appendix A.4. Implementation Issues

In the proposed MoEP-RSS algorithm, there are three involved preset parameters:

Kinit,p and ϕ. In all our experiments, we just simply set Kinit as a not large number

as 4-8 based on a coarse empirical estimate on the noise complexity inside data. Once

Kinit is specified, the length of vector p = [p1, p2, . . . , pKinit ] in MoEP-RSS is also de-

termined. Throughout all our experiments, the elements in p are selected ranging over

the interval [0.1, 2]. Following Huang et al. (2013), for the initialization of parame-

ter ϕ in real applications, we first provide a series of candidates ϕ and then adopt the

following BIC to select a good ϕ among these candidates:

BIC(ϕ) =
∑
i,j

ln

K̂∑
k=1

π̂kfk(eij ; η̂k)− 1

2
(

K̂∑
k=1

Dk) lnnd,

where K̂, π̂k, η̂k is the estimate of the final number of mixed components, param-385

eter πk and parameter ηk, respectively. Then we can select the proper ϕ̂ by ϕ̂ =

arg maxϕBIC(ϕ).

Another important parameter involved in our algorithm is the parameter λ. A small

value of λ will lead to an inaccurate solution in a few iterations. Usually a larger λ
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leads to lower rank solution. Thus λ cannot be too small, we observe that λ manually390

tuned in the range [0.01, 0.5] works well.

Appendix B. Proof of Theorem A.1

It is worth mentioning here that the definition of fpk(e; η) is a little different from

the original one because of the smooth strategy we introduced. The smoothing param-

eter ε will also show in the last term of the optimization objective function which will395

turn out to be λ(zT z + ε2)q/2 when q < 1.

Proof. Since ẑ = arg maxz f(z), we have:

∂f(z)

∂z

∣∣∣∣
z=ẑ

= 0.

This gives

xTi ·

[∑K
k=1 ξkmηkpk((êm)2 + ε2)pk/2−1∑K

k=1 ξkm

]
1≤m≤M

+ λqẑi(zT z + ε2)q/2−1 = 0.

xTj ·

[∑K
k=1 ξkmηkpk((êm)2 + ε2)pk/2−1∑K

k=1 ξkm

]
1≤m≤M

+ λqẑj(zT z + ε2)q/2−1 = 0.

where ξkm = πkfpk(em; ηk). From the above two equations for ẑi and ẑj we deduce

that

ẑi − ẑj =
(xi − xj)T

λq(zT z + ε2)q/2−1
·

[∑K
k=1 ξkmηkpkêm((êm)2 + ε2)pk/2−1∑K

k=1 ξkm

]
1≤m≤M

Note that ẑ is a minimizer of f(z). So we have

f(ẑ) ≤ f(0), (B.1)
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which yields to

M∑
m=1

ln

(
K∑
k=1

πkfpk(êm; ηk)

)
− λ(zT z + ε2)q/2 ≥

M∑
m=1

ln

(
K∑
k=1

πkfpk(xm; ηk)

)
.

Because πk ≤ 1 for 1 ≤ i ≤ K, we can get

M∑
m=1

ln

(
K∑
k=1

fpk(êm; ηk)

)
≥

M∑
m=1

ln

(
K∑
k=1

πkfpk(xm; ηk)

)
.

On the other hand, if we define rm = arg maxk fpk(êm; ηk). We then get

M∑
m=1

ln
(
Kfprm (êm; ηk)

)
≥

M∑
m=1

ln

(
K∑
k=1

πkfpk(xm; ηk)

)
,

M∑
m=1

ln

(
prmη

1
prm ×K

2Γ( 1
prm

)

)
+

M∑
m=1

(
−ηrm((êm)2 + ε2)pk/2

)
≥

M∑
m=1

ln

(
K∑
k=1

πkfpk(xm; ηk)

)
,

M∑
m=1

ln

 Kprmη
1

prm

2Γ( 1
prm

) ·
(∑K

k=1 πkfpk(xm; ηk)
)
 ≥ M∑

m=1

(
ηrm((êm)2 + ε2)pk/2

)
,

if we define ηmin = min{η1, η2, . . . , ηK} and

Q =
1

ηmin
·
M∑
m=1

ln

 Kprmη
1

prm

2Γ( 1
prm

) ·
(∑K

k=1 πkfpk(xm; ηk)
)
 ,

then we can get


εpk−2 ≤

(
(êm)2 + ε2

)pk/2−1 ≤ Q
pk−2

prm pk ≥ 2,

Q
pk−2

prm ≤
(
(êm)2 + ε2

)pk/2−1 ≤ εpk−2 pk < 2.
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From the above inequalities, we can get



(
(ê1)2 + ε2

)pk/2−1 · ê1(
(ê2)2 + ε2

)pk/2−1 · ê2

...(
(êM )2 + ε2

)pk/2−1 · êM


2

≤ Sk =



Q
pk−1

pr1

Q
pk−1

pr2

...

Q
pk−1

prm


2 (pk≥2)

or



εpk−2Q
1

pr1

εpk−2Q
1

pr2

...

εpk−2Q
1

prm


2 (otherwise)

.

We define S = max{S1, S2, . . . , SK} and (·)2 is the `2 norm of the vector. Then



(
(ê1)2 + ε2

)pk/2−1 · ê1(
(ê2)2 + ε2

)pk/2−1 · ê2

...(
(êM )2 + ε2

)pk/2−1 · êM


2

≤ S.

From (B.1), we can also derive that

b =
1

λ

M∑
m=1

ln

(
πkfpk(0; ηk)

πkfpk(xm; ηk)

)
≥ (zT z + ε2)q/2,

which means

1

(zT z + ε2)q/2−1
≤ d =



1

εq−2
q < 2,

b
q

q−2 q ≥ 2.

Then we get

|ẑi − ẑj | ≤
ηmaxpmaxdS · ‖xi − xj‖2

λq
,

Define a = ηmaxpmaxdS, thus we have

|ẑi − ẑj | ≤
a

λq
‖xi − xj‖2.
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